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Let G be a reflexive subspace of the Banach space E and let L?(I, E) denote the
space of all p-Bochner integrable functions on the interval I = [0, 1] with values in
E, 1< p< . Given any norm N(-,-) on R N nondecreasing in each coordinate
on the set R, we prove that L?(I, G) is N-simultaneously proximinal in L?(I, E).
Otbher results are also obtained. © 2002 Elsevier Science (USA)
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1. INTRODUCTION

Throughout this paper, E is a Banach space, G is a closed subspace of E,
p is a real number in [1, o), and # is any integer, » > 1. The norm of ve E
is denoted by ||v|] and the norm of u := (u,);_, € E" is defined by

n 1/p
e :=[ 5 ||uk||f'] .
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Also, we let L?(I, E) be the Banach space of p-Bochner integrable func-
tions defined on I with values in E, where I =[O0, 1] is the unit interval
in R. Here R is the set of real numbers. The norm of f e L?(I, E) is given
by

1= [, 1o au .

where u is the Lebesgue measure on 1.
Finally, we let N be any norm on R? satisfying, for every (x;, x,),

(y1, 1) € R,
(11) N(x19x2)<N(yl5 y2)5 if |xi|<|yi|9 l=132

Note that Eq. (1.1) is equivalent to N is nondecreasing in each coordinate
on the set R% := {(x;, x,) : X, x, > 0}. Also, note that Eq. (1.1) is satisfied
by all the /”-norms on R? 1< p < oo.

The norm of (u', u*) € (E™)* is defined by

1 2 z 1 I/P z 2 I/P
|(u,u)|,,,,,:=N<[z ||uk||P] ,[z ||uk||P] )
k=1 k=1
= N, o 167, ),

where u' = (u;);_, u* = (u;);_,. Note that, by Eq. (1.1), ||, , is a norm
on (E™)? making it a Banach space. The diagonal of G" is given by

D" :={((&)k=1> (&8)i=1) : (&)1 €G"}.

DerINITION 1. We say that g € G is a best N-simultaneous approxima-
tion from G of the pair of elements u', u” € E if, for every h e G,

N(Jlu'—gll, lu*—gll) < N(|lu* = Al [|u® = Al),
or, in other words, if, for every h € G,
|(”1_g, uz_g)|1,1 < |(”1_h, uz_h)|1,1-

Note that ge G is a best N-simultaneous approximation from G of u',
u*e E if and only if (g, g) is a best approximation from D' of the pair
(u', u*) € E?, where the norm on E” is |-|, ;. If every pair of elements u',
u? € E admits a best N-simultaneous approximation from G (equivalently,
D' is proximinal in E?), then G is said to be N-simultaneously proximinal
in E.
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The problem of best simultaneous approximations has been studied by
many authors, e.g., [1, 7, 13-15]. Most of these works have dealt with the
characterizations of best simultaneous approximations in spaces of contin-
uous functions with values in a Banach space E. Some existence and
uniqueness results were also obtained. Results on best simultaneous
approximation in general Banach spaces may be found in [9] and [11].
Little or no work has been done in the spaces L?(Z, E). It is the aim of this
paper to establish some existence results in this area. Among other things,
we prove that, if G is a reflexive subspace of the Banach space E and
1 < p < oo, then L?(I, G) is N-simultaneously proximinal in L?(Z, E).

Before we continue we note, as pointed out in Definition 1, that
problems of best simultaneous approximation can also be viewed as special
cases of vector-valued approximation. Some recent work in this area is due
to Pinkus [10].

2. BEST SIMULTANEOUS APPROXIMATION IN L*(1, E)

Recall that the norm of u e E”, hence also of ue G" and of ue D", is
[lull,,, , where p is a fixed real number in [1, c0).
We start this section with the following observations:

Remark 1. Since all norms on a finite dimensional vector space are
equivalent and since N ([Xi_, (-)?1V2[X¢_, (-)?]/?) is a norm on
R"x R", we have (where the norm on (E")*is |-, ,):

(1) A sequence ((uf);_,, (v7)i_,)2_, in (E™)? is bounded if and
only if the sets {u} : 1<k<n 1<m<oo}and {v}:1<k<n 1<m<oo}
are both bounded in E.

(2) A sequence ((u7);_,, (W7)i_1)2_, in (E™)? is convergent (weakly
convergent) if and only if all the sequences (u} ) _;, (U3 )m_1, 1 <k<n,
are convergent (weakly convergent) in E.

(3) If G is reflexive then G" and D" are reflexive.

Note that (g,)r_; € G" is a best N-simultaneous approximation from
G" of the pair of elements (u})?_,, (u3)!_, € E" if and only if, for every
(M )1 €G",

|((ullc _gk)z= 1s (ui _gk)Z= l)lp,n < |((ullc _hk)Z: 1s (ui _hk)Z= l)lp,n'
It follows immediately that

Remark 2. Let (g,)i_, € G" be a best N-simultaneous approximation
from G" of the pair of elements (u;);_,, (u2)i_, € E". Then, for each
ke{l,...,n}, g, =0 whenever u; = uj = 0.
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From Remark 1 we obtain that, if G is reflexive, then D" is reflexive and,
consequently, proximinal in (E”)2. Hence, we have:

LemMma 1. If G is reflexive then, for every n =1, G" is N-simultaneously
proximinal in E”.

Now, note that ge L?(I, G) is a best N-simultaneous approximation
from L?(1, G) of f;, f, € L*(1, E) if and only if, for all 1 € L?(I, G),

N(f1—&lps 12— gll,) < N = Al 12— 2ll,)-

The main result of this section is:

THEOREM 1. If, for everyn > 1, G" is N-simultaneously proximinal in E”, then
every pair of simple functions f,, f, € L?(I, E) admits a best N-simultaneous
approximation g from L*(I1, G).

Proof. Let f, f, be two simple functions in L?(I, E). Then f;(s):=
Dho1 Uix,(s), j=1,2, where the I,’s are disjoint measurable subsets of 7
satisfying (J;_, f, =1 and g, is the characteristic function of I;. Since f;
and f, represent classes of functions, we may assume that u(Z,) >0, 1 <k <n.
By assumption, there exists an N-simultaneous best approximation (w;)j_;
from G" of the pair of elements (u'/?(I,) ul)r_,, (u"/?(I,) u2):_, € E". This
implies, if g, := Wy, that g:=3%%_, g x; € L?(1, G) and, since w;, =
u*(I,) gy, that

QD (W@ = g))i=1s (WL Uz~ €)=l
<@ U= )Y v, (WHPE) W= 1)) )

forall h:=3};_; by € L(I, G). In other words, we have

22 NAfr =&l 12— gll,) < N UL =l 1L —2ll,)s

forall h:=3}_, hyyx; € L*(I, G). We need to show that Eq. (2.2) holds for
all simple functions (hence, by density, for all functions) 4 € L?(I, G). So let
h be any simple function in L?(I, G). Then h:=37_, h;x, (s), where the
J;’s are disjoint, (J7_, J; = 1. Then

1
w7

1<i<m 1<i<m
— Jj 5 —

fj— Z UkiXp ;s i=L2, and h= Z hki%lkr\Ji’
1<k<n 1<k<n

where, for each jandeach k, j=1,2and 1 <k <n,

(2.3) ul, =uj,, 1<i<m,
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and, foreachi, 1 <i<m,
hy; = h;, 1<k<n.

Again, we obtain from the assumption that there exists a best N-simultaneous
approximation (wj;)}S;S7 from G™ of the pair of elements (u'/?(I, N J;)
U I SE S, (WML 0 T) uly) 1 S557 € E™. Note that, by Remark 2, wi, =0
whenever u'/?(I, N J;) uy; = p'/?(I, 0 J;) ui; = 0. Let wi; := p'/?(L, 0 J,) gk
gt :=0if w}, =0. Then,
1<is<m
z gltiXIkr\J,- eL’(I,G)

1<k<n

and

2.4)
|((iu1/p(1k N Ji)(ukt gkt))k i=1> (lul/p(lk N Ji)(ukt gkl))k i= l)lp nm
< |((:u1/p(1k N Ji)(ukt hkl))k i=1> (lul/p(Ik (@) Ji)(ukz hkx))k i= l)lp,nm'

Note that, if A, := u(l, 0 J;)/u(l,), then 37 | J,; =1 and

1<i<m n m
2 ul, nJ;) ”u;ci_g:i”pz Z u(ly) z A ”u;ci_g:illpa ji=12
k=1 i=1

1<k<n

Therefore, since ||v||” is a convex function of v e E for p > 1,

"u{c_ﬂk”pﬂ ]=19 2a

m
z Mg U _g:illp =
i=1

m p
j o
Ui — z A& || =
i=1

where B, := 37| A &% and where the equality follows from Eq. (2.3) and
the fact that > | 4,; = 1. Therefore we get

1<is<m n
2.5) Y ML d) s —gull”= Y, p(L) lui— B, j=1,2.
1<k<n k=1

Hence, using Eqs. (2.1) then (1.1) and (2.5) then (2.4), we get

(L) (i~ €)= 15 (P (L) (e = 8))ie= 1)l
< |((/‘1/p(lk (uk Bi))i=1: (ﬂl/p(lk (”k Bi))i- l)lpn
<7 0 T (i = gk T=1s (W P(Te 0 T) Wi =8 ¥ 1)l
< |((ﬂ1/p(1k N Ji)(ukt hk:))k i=15 (.ul/p(lk N Ji)(ukz hkt))k i= 1)|p,nm~
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In other words,

N fi =gl 1f2—gl,) < NUfi—=All,, 1Lf2—All,)

for all simple functions /4 € L?(I, G) and, consequently, for all functions
he L’(I,G), since the set of simple functions is dense in L”(/, G). The
proof is complete. |

COROLLARY 1. IfG isreflexive, then every pair of simple functions f,, f, €
L?(1, E) admits a best N-simultaneous approximation g from L*(I, G).

From the proof of the theorem we obtain:

Remark 3. If, for every n > 1, G" is N-simultaneously proximinal in E”,
then every pair of simple functions in L?(/, E) admits a simple function in
L?(I, G) as an N-simultaneous approximation.

In the special case where N is the p-norm on R? we obtain a stronger
result than that of Theorem 1:

TuEOREM 2. If N(X4, X;) := (|x;|7+1|x,|")"/? and if L”(I, D") is proxi-
minal in L*(I, E*), then L*(I, G) is N-simultaneously proximinal in L*(I, E).

Proof. First we note that
1/p
WAl 150 = ([ A1 dit | 101 di)
1/p
~(J, aror+1LP )

1/p
= (L [NAAOIL 12D dﬂ) .

This implies that [L?(, E)]? is isometric to L”(1, E*) and that Djs, g, :=
{(g,8): g€ L"(I, G)} is isometric to L?(I, D'). Hence we obtain, from the
assumption, that Dle(,, ¢ 18 proximinal in [L?(, E)]? The theorem now
follows from the fact that L?(I,G) is N-simultaneously proximinal in
L*(I, E) if and only if D}s, g, is proximinal in [L?(I, E)]* End of the
proof. |

On the question of proximinality of L?(Z, H) in L?(I, X), where X is a
Banach space and H is a closed subspace satisfying some conditions (in our
case X = E? and H = D'), many results have been established by various
authors, e.g., [2, 4-6, 8, 12] to mention a few. For some of the strongest
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results on this question, we refer the reader to [12] and [8]. Therefore, one
can obtain several corollaries from Theorem 2. In particular, if G is reflexive
then, by Remark 1, D' is reflexive and, consequently, L?(I, D) is proximinal
in L?(I, E), [12].

Note that if G is reflexive and 1 < p < oo, then it follows, by Remark 1
and by [3, IV.1. Corollary 2], that L?(I, G) and L?(I, D") are reflexive.
Therefore, for p > 1, we obtain directly, by Lemma 1, the following more
general result than those of Corollary 1 and Theorem 2:

THEOREM 3. If G is reflexive and 1<p<oo, then L*(I,G) is
N-simultaneously proximinal in L?(1, E).

The case where p=1 and N is arbitrary is more difficult and will be
studied in Section 3.

3. BEST SIMULTANEOUS APPROXIMATION IN L'(I, E)

First, we establish some preliminary results needed for the proof of our
main theorem:

Lemma 2. If|x;| <|y;l in R, j=1, 2, then N(x,, x,) < N(y1, y»).

Proof. From the assumption we get that there exist a;, a, € [0, 1) such
that |x;| = a;|y;|, j=1,2. Let A:=max {a, a,}. Then A <1 and |x;| < 1|yl

j=1,2.
Therefore by Eq. (1.1) we get

N(x1, %) S N(Ay1, 4y,) = AN (1, 3,)-

But A< 1 and from the assumption N(y,, y,) > 0. Therefore N(x;, x,) <
Ny, 3)- 1

Lemma 3. If ge L?(1, G) is a best N-simultaneous approximation from
L?(I1, G) of the pair of elements f,, f, € L?(1, E) then, for every measurable
subset A of I and every he L*(1, G),

| 13, =g @I du< | 1, ()= dp

for some j, € {1, 2}.
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Proof. If u(A)=0 then there is nothing to prove. Suppose that, for
some A satisfying u(4) > 0 and for some 4, € L?({, G), the inequality does
not hold for j =1 and for j = 2. Now, define g, € L?(I, G) by

g(s) if sel—A4

&(s):= {ho(s) if sed.

Then we have, for j=1, 2,
1/p
[0 -aord|
[ 1/p
= [ 1=kl dut| M(s)—g(s)nﬂdu]

[ 1/p
<| [ W) —g@7du+] Ilf,-(S)—g(S)II”dﬂ]

[ 1/p
-\ 1 -enrdn]
This together with Lemma 2 imply that

NS 1 =&l 12 =& ll,) < NCIf =l 1f2—2ll,)

which contradicts the fact that g is a best N-simultaneous approximation
from L?(I, G) of the pair of elements f, f,. |

As a corollary we get:

COROLLARY 2. If g is a best N-simultaneous approximation from
L?(1, G) of the pair of elements f,, f, € L’(1, E) then, for every measurable
subset A of I,

J, I < 2max { | 1AGI die [ 15O du).

Proof. Since, for j=1, 2,

1/p

[ teowan| <[ [ ro-soran| ][ o]
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we obtain, by using Lemma 3 with /4 := 0, that for some j, € {1, 2}

1/p

[ [ ||g(s)||ﬂdu]””< 2 [ [ ||fjg(s)||f’dﬂ]
<2max{| [ wnowan] [ [ 1noran]

which completes the proof. ||

We note that, as a corollary of Lemma 3, we get that, if g e G" is a best
N-simultaneous approximation from G” of the pair of elements u!, u? e E"
then, for each Aie G" and each k, 1 <k <n,

either [lup —gill <llux =Rl or i —gill < lluk — Al

Hence, for every J = {1, 2, ..., n},

D ||gk||P<2max{2 1, ||ui||ﬂ}.
keJ keJd

keJ

We are now ready to establish the analogue of Theorem 3 for L'(1, E):

THEOREM 4. If G is reflexive then L'(I, G) is N-simultaneously proximinal
in L\(I, E).

Proof. Let f, f,€ L'(I, E) and let {f,,};_,, j=1, 2, be two sequences
of simple functions in L(I, E) satisfying

lim |f,—f,li =0, j=1.2

By Corollary 1 we obtain, for each n > 1, that the pair of simple functions
Sfin» fo, admits a best N-simultaneous approximation g, from L?(I,G).
Hence we have, foreachn > 1,

G.1) N1 = &allis 120 = &all) S NS 10 = Alli 1 f2n =Rl

for every h e L'(I, G). By Corollary 3, we obtain that

|| Tlga(s)ll du < 2 max { [ 1u@ldu [ 170 du}
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for every n > 1. It follows, since both {f,};_, and {f,,}7_, are uniformly
integrable, i.c.,

sup {sup {[ 1@l dui AL uty <o} >0 as o0,
n A

and since f;, > f;in L'(I, E), j = 1, 2, that the sequence {g, };_, in L'(1, G)
is bounded and uniformly integrable. Hence, since G is reflexive, we obtain,
by Dunford’s theorem [3], that {g,};_, is relatively weakly compact in
L'(I1, E). Therefore, there exists a subsequence, say {g,}s_,, which con-
verges weakly to some element ge L'(Z, E). It follows, since L'(Z, G) is
closed and convex hence weakly closed, that g e L'(Z, G). It follows from
Eq. (1.1) that N(||-|l;, ||-]l;) is convex and continuous, and hence weakly
lower semicontinuous, on L'(Z, E). This together with Eq. (3.1) imply that,
for every he LY(I, G),

N(lfy =gl 1> —gl) <lim inf N(|f1, —&,llv, 120 —&all)

< lim inf N(|lf1, = Al 120 —All)

=N\f1 =2l 1f2 = Al
Therefore g is a best N-simultaneous approximation from L?(I, G) of the
pairflafZELl(I’E)' I
Finally, we note the following:
Remark 4. 1t follows immediately that all the results and proofs in this
paper are valid in the case where N is a norm on RM, M > 2, satisfying

In this case, g € G is said to be a best N-simultaneous approximation from
G of the elements u!, u? ..., u™ € E if, for every h e G,

N(llu' —gll, llu* =gl ... ™ —gll) < N(le" = Al 1Al ..., = &l).
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